The acoustic behavior in thermo-viscous gas mixtures, both in proximity of walls and far from them (outside the boundary layers), involves deviations from the adiabatic and laminar movements in pure gases, which result from the influence of several diffusive fields, namely, shear, entropic, and concentration variation fields (their energy being provided by the acoustic field itself). Owing to the boundary conditions, that are slip condition, isothermal condition and concentration flux vanishing on the walls, a strong coupling between these fields occurs inside the boundary layers while their effects appear to be simple additive processes in the bulk of the medium. Although recent literature on this subject leads to interesting results, opening the way to several new issues [R. (2002)], the results available still have limitations because they do not provide complete solutions for the propagative and diffusive fields throughout and beyond the boundary layers. The present work aims at providing these solutions in the whole domains considered. The results allow interpreting analytically the behavior of the fields above mentioned in closed cavities and ducts, and particularly in spherical cavities which are best suited to develop metrological applications.
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I. INTRODUCTION
The general behavior of binary gas mixtures was described by Landau and Lifshitz 1 starting from hydrodynamical and thermodynamical fundamental equations, and by Chapman and Cowling 2 from the point of view of kinetic theory. Both approaches emphasize that the thermophysical properties of a gas mixture are not reduced to a simple weighted mean of the individual properties of each component, but that they result from the cross-interactions between the different components of the mixture. Particularly, the phenomena involved are mutual diffusions of the components depending on the main parameters involved in an acoustic field, including concentration variations actually due to pressure variations (barodiffusion) and temperature variations (thermal diffusion).
In a theoretical approach to the description of sound absorption in air, Rocard calculated the thermal diffusion effects in the bulk of an air-filled domain. In this case, these effects are very small with respect to the viscous and thermal effects, and the interactions between the mutual diffusion and the viscous effects (in the Navier-Stokes equation) are negligible. 3 In fact, the mutual diffusion effects on the acoustic behavior of gas mixtures are more significant in disparate mass mixtures. They are thus very small in air, and usually neglected in several aerial acoustic problems. Later, several works based on hydrodynamical and thermodynamical fundamental equations, or based on kinetic theory, provided more complete expressions of mutual diffusion effects (including thermal diffusion and barodiffusion). [4] [5] [6] Recent works, [7] [8] [9] [10] which enabled a description of the mutual diffusion effects coupled to the viscous and thermal effects in the boundary layers, were specifically dedicated to applications using gas mixtures or humid air. But, despite these advances in the modeling of acoustic fields in gas mixtures, today a general analytical model of acoustic behaviors of a binary gas mixture, near and far from the boundaries, is not yet available.
It is the aim of this paper to investigate the analytical approach more closely to provide such a model for binary gas mixtures, starting from the hydrodynamical and thermodynamical fundamental equations (Sec. II), leading to solutions in the bulk (Sec. III) and also close to boundaries (Sec. IV). The theoretical results obtained from this approach are used to calculate the effects of mutual diffusion on the acoustic fields in binary gas mixtures for several practical applications (Sec. V).
II. LINEARIZED FUNDAMENTAL EQUATIONS OF ACOUSTICS IN BINARY GAS MIXTURES
Most of the equations presented in this section are adapted from the formalism of Landau and Lifshitz. 1 In the Navier-Stokes equation
the variables p andṽ represent the particle velocity and the pressure variation, respectively; and q 0 , g, and l are, respectively, the mass density, the bulk, and shear viscosity coefficients of the mixture. The following differential expression for the density q, involves the pressure P, the temperature T, and the molar mass of each component
where C 0 and x are, respectively, the mass concentration and the mole fraction of component "1,"
Making use of this differential expression to remove the density variation q 0 from the mass conservation equation for the gas mixture
The mass conservation equation for the component "1" of the gas mixture @ðCqÞ @t þr Á ðCqṽÞ þr Áĩ ¼ 0;
where the concentration flux density is written as
D, k P , and k T being the diffusion coefficient, and the baro and thermal diffusion ratios respectively, can be linearized as follows, taking account of Eq. (3),
where
Note that the barodiffusion ratio is exactly determined by the following expression:
Inserting the following differential expression for the entropy per unit mass S dS
is the chemical potential of the mixture per unit of mass and g i the chemical potential of component i, in the Fourier's equation
the heat flux density being given bỹ
leads to the following linearized diffusion equation:
Then, using the following identities (perfect gas)
and using the following notations:
the linearized fundamental set of acoustic equations in binary gas mixtures is given by
In Eqs. (13) and (14), the pressure variation p can be expressed as the sum of a perturbed acoustic pressure p a and an excess of pressure variation p h þ p b associated to the heat (index h) and the concentration (index b) diffusion movements. It is the same for the temperature variation
On the other hand, in these fundamental equations (12), (13), and (14), consistent with previous works, 7 it is clear that, as described by Landau and Lifshitz, 1 three different kinds of diffusion effects occur in the gas mixture, namely the diffusion flows due to (i) concentration gradients, whose effects are expressed by the diffusion coefficient D inversely proportional to the static pressure P 0 and weakly depending on x, (ii) temperature gradients, whose effects are expressed by the coefficient of thermal diffusion k T D, (iii) pressure gradients, whose effects are expressed by the coefficient of barodiffusion k P D.
The thermal diffusion and barodiffusion ratios both vanish when x ¼ 0 or x ¼ 1 (pure gases).
For coherence with the previous approximations (linear acoustics), terms of order higher than one of the characteristic lengths (i.e., order two of the penetration depths) are neglected in the following. (11), and neglecting the shear viscosity effects, leads to a couple of equations that can be identified to remove the variableṽ, giving then
After employing the factorization and approximations suggested in Ref. 11 (pp. 79-81) (which can be verified straightforwardly), making use of Eq. (14) and assuming that
acting on the equation obtained leads to
Finally, assuming that ' D; h; v Dp a ( 1=a 0 @p a =@t leads straightforwardly to
Considering an harmonic motion of angular frequency x, Eq. (15a) can be written as
the acoustic wavenumber k a being given by
It is easy to verify that the term ' D cxð1 À xÞa 2 related to the mutual diffusion phenomena vanishes in a pure gas, leading then to the well-known results for the wavenumber k a in a thermo-viscous gas.
This result, which accounts for the mutual diffusion effects, coupled to the viscous and thermal effects in the bulk of the fluid, is in agreement with those of previous works. [4] [5] [6] 
IV. ACOUSTIC FIELD CLOSE TO THE BOUNDARIES
The domain considered here is close to a rigid wall. The coordinate normal to the wall inwardly directed is denoted u, the origin (denoted s) being on the wall, and the coordinates tangent to the wall are denoted ðw 1 ; w 2 Þ orw for the both of them. In order to avoid overly intricate formulations, the following appropriate approximations are assumed on the fundamental linear equations (11)- (14), giving an accurate description of the small amplitude disturbances inside the boundary layers.
(1) Mostly through the boundary layers, the component normal to the wall of the acoustic velocity v u is much lower than the tangential components v w i . (2) The spatial variation of the acoustic velocity is much higher in the normal direction u than in the tangential directions w i .
According to these assumptions, the normal and tangential components of the Navier-Stokes equation (11) lead to the following relations, using expression (12) forr Áṽ, and assuming that s % ðc À 1Þ=ðcbÞp in the lower order terms
It is noteworthy that, inside the boundary layers (see below), the order of magnitude of each term of Eq. (17a) is lower than the corresponding term of Eq. (17b). Therefore, in the applications presented below, Eq. (17a) remains unused.
To sum up, for an harmonic motion (angular frequency x), the particle velocity and the pressure, temperature and concentration variations are described by the following set of equations
and are subject to the following boundary conditions: 
where the expression of the concentration flux density (4), assuming that the gradient of the acoustic pressure with respect to the coordinate u in the direction normal to the wall is negligible, gives
which, eliminating b in accordance with Eq. (21) [
It should be noticed that the boundary conditions on the particle velocity (23a) is not satisfied only when the mixture does not involve phase-change process (namely, here condensationevaporation). Indeed, when such process occurs, the walls that do not behave as perfectly rigid walls anymore, leading to a non-zero normal particle velocity v u and to several other boundary conditions on the vapor pressure and normal particle velocity. 7 However, the acoustic model presented here should be usable for the study of humid air under physical conditions (humidity ratio, temperature, pressure) away from saturation. 
To emphasize the main properties of the phenomena (strong coupling between temperature and concentration variations inside the boundary layers) the appropriate form of the operator on the left hand side is a "product" of two spatial second order operators, 9 leading to (expression of the complex wavenumbers k hD and k Dh are given in Appendix A) 
and inasmuch as the terms of order greater than one of the characteristic lengths ', namely, ' hD ¼ Àjk 0 =k 2 hD and ' Dh ¼ Àjk 0 =k 2 Dh , can be neglected, this equation acquires the following form:
with (D and D w being here identified to Àk
The form of this equation reflects the nature of the temperature variation field s: it is a superposition of two diffusion processes, labeled hD and Dh, where the concentration and thermal fields of the gas mixture are strongly intricate, pointing out the important coupling of the two phenomena. Note that the thicknesses of the boundary layers associated to these diffusion processes are
It is noteworthy that the analogous procedure used below to express the equation which governs the behavior of the concentration variation b inside the boundary layers conveys similar interpretation.
The following relations can readily be deduced from Eqs. (A1) and (A2):
Assuming that the term p s of Eq. (29a) is quasi-uniform in the u direction inside the boundary layers, the solution of this equation for the temperature variation s, subjected to the boundary conditions (24) and (26b) Finally, just notice that in pure gases, according to the empirical models available for k T , 2,12 vanishes as expected, and expression (31) should reduce to sðu;wÞ ¼ c À 1 
with
In pure gases, b vanishes as expected.
C. Solutions for the tangential particle velocity
The solution forṽ w of Eq. (18), in which the term a 0 a P ' vr w b is neglected because it leads to a second order term of the characteristic lengths [the variations of the function w b ðuÞ being small], is written as, accounting for the boundary condition (23b),
where w v ¼ / v ðuÞ=/ v ðsÞ, the solution of the homogeneous equation (18), depends on the geometry considered. This solution for the tangential velocity shows that the mutual diffusion in the gas mixture has no effect on the particle velocity at the order one of the characteristic lengths.
D. Relation between the particle velocity normal to the wall and the pressure variation Making use of the solutions (31), (32), (34) for the temperature and concentration variation, and for the tangential particle velocity, in Eq. (19) leads straightforwardly to the final relation between the normal component v u of the particle velocityṽ and the pressure variation p, at the order one of the characteristic lengths,
This relation can be simplified with respect to the geometry and the accuracy required (see examples below).
E. Particular cases
In this section, there are two major concerns regarding the effects of the phenomena which occur in the boundary layers presented above: the reflection on a quasi-plane rigid wall and the acoustic propagation in waveguides.
Reflection on a quasi-plane wall
The acoustic pressure p being quasi-uniform over the depth of the boundary layers, and the wall being characterized by its specific admittance y s (which vanishes when the wall is perfectly rigid), the mean values of the terms of Eq. (35) over a distance from the wall lower than or equal to these depths can be expressed easily as given below (note that the same notation is used for the variable of integration and the upper limit of the integral): 
the exponential function e Àjk X ðuÀsÞ vanishing rapidly when d % d X (evanescent waves associated to diffusion processes from the wall).
Then, it turns out, by integrating Eq. (35) from s to u, and using expression (B2) of the coefficient A s , that
In pure gases, ' hD ¼ ' h and ' Dh ¼ ' D , leading then to the well-known expression of the viscous and thermal effects on the reflection of an acoustic wave on a quasi-plane rigid wall. 11 
Propagation in waveguides
Considering a waveguide with perfectly rigid walls, the mean value of Eq. (35) over the section S of the guide allows to derive a wave equation which governs the pressure variation of quasi-plane waves, the normal velocity v u being removed because the mean value of the left hand side of Eq. (35) vanishes:
Then, denoting K X the mean value of the functions / X ðuÞ ¼ u X ðuÞ=u X ðsÞ, viz.,
which are known functions involving Bessel or trigonometric functions depending on the shape of the section [Eqs.
(B3), (B2)], the mean value of Eq. (35) leads readily to the following propagation equation:
where, neglecting terms which are of order greater than one and using expressions (B4) or (B6) of the coefficients A s , the wavenumber k w takes the following form:
Inasmuch as the terms of order one of the characteristic lengths ' v , ' h , and ' D are accounted for in the formalism, the bulk effects [Eq. (16b)] are included in the model, in the last term of the right hand side of Eq. (41) (this result is unusual when modeling the phenomena inside the boundary layers). Note that, in pure gases, ' hD ¼ ' h and ' Dh ¼ ' D , leading then to the well-known expression of the viscous and thermal effects in an acoustic waveguide 11 [first term in the right hand side of Eq. (41)], depending on the shape of the guide section.
a. Higher frequency range (" large waveguide" ). When the transverse dimensions of the waveguide are much greater than the boundary layers depths (higher frequency range), an estimate of the coefficients K X at the lowest order of the characteristic lengths is usually suitable:
where A=V is the surface=volume ratio of a given length of the waveguide. Then, the wavenumber k w at the lowest order of the characteristic lengths takes the following form:
b. Lower frequency range (" capillary duct" ). When the transverse dimensions of the waveguide are much smaller than the boundary layers depths (lower frequency range), the asymptotic limit yields
leading then to
for the wavenumber k w at the order one of the characteristic lengths. The propagation in capillary ducts should not then be modified by the mutual diffusion phenomena.
V. APPLICATIONS
Several applications, already considered in the literature and involving acoustic propagation in gas mixtures heliumargon and helium-xenon, are reconsidered below.
The thermophysical properties of pure gases are accurately determined from ab initio calculations of the atomic interactions potential or from dedicated equations of state. [13] [14] [15] The virial coefficients and speed of sound of the gas mixtures considered are expressed as functions of the temperature and of the static pressure from extrapolation of previous experimental results or from empirical models. 15, 16 The transport properties of the mixtures are calculated making use of a mole fraction weighing kinetic method having a good agreement with experimental results. 17, 18 Finally, the diffusion coefficient D, which depends on the gas composition and the temperature and inversly proportional to the static pressure, is determined by interpolating experimental results. 2, 19 The thermal diffusion ratio k T , as suggested in recent works, 9, 12 is expressed by different functions of x for each gas mixture. For the gas mixtures considered (He-Ar and He-Xe), the component 1 is chosen to be helium. This choice of the lightest gas for the component 1 imposes the thermal diffusion ratio k T to be negative. varying from 0 to 1 for P 0 ¼ 100 kPa and T 0 ¼ 273.16 K, the effects (Df 0n =f 0n and g 0n =f 0n ) on several radial modes, m ¼ 0 and n ¼ 2; 6; 8, are represented in Figs. 1 and 2 , respectively. The isolated contribution of the mutual diffusion effects [ðDf 0n À Df 0nnodiff Þ=f 0n and ðg 0n À g 0n no diff Þ=f 0n ] for both mixtures is showed on Figs. 3 and 4 .
The mutual diffusion effects in the bulk being dissipative only, the frequency deviations Df 0n on Figs. 3 and 4 are only due to the boundary layers effects, and, here the contributions to the halfwidth are essentially due to the effects in the bulk of the gas mixture.
Relative variations of few parts in 10 À2 in several gas thermophysical properties (speed of sound, thermal conductivity, diffusion coefficients, virial coefficients, …) lead to variations of few parts in 10 À6 in the resonance properties of the cavity, which is small but significant regarding accurate gas metrology. Thus, acoustic resonators of optimized dimensions and shape, might be used to determine the thermal conductivity k and the first acoustic virial coefficient of a gas mixture from radial modes resonance frequencies measurements, and the coefficient of mutual diffusion D from the halfwidths measurements.
giving, respectively, for the first and third derivatives on the lateral wall of the duct, k 2 X K X d=2 and k 4 X K X d=2, leading then to
